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Abstract

The transit time and a characteristic time constant for the transition time are formulated for a pathway unit of Michaelis—Menten
mechanism in metabolic chains with mass-action-type dependence. The pathway unit in a chain is assigned to each metabolite and two
consecutive Michaelis—Menten-type reactions associated with it. All the relevant functions such as control coefficients, elasticities and transit
time for the pathway unit are expressed in terms of the flux J and other system parameters. The transition time is characterized by a time
constant for a first-order system expressed as the derivative of the total concentration of the internal metabolite with respect to the flux J.

© 2003 Elsevier B.V. All rights reserved.

Keywords: Transit time; Transition time; Pathway unit; Michaelis—Menten mechanism; Metabolic control analysis

1. Introduction

Michaelis—Menten-type reactions are the most basic
components in metabolic pathways to play a fundamental
role in the cellular metabolism. The analysis of regulatory
properties of this component reaction is essential for the
analysis of the behavior of metabolic chains with “mass
action” type of dependence [1]. In this study, formulation of
two characteristic time constants, the transit time and the
transition time, is performed for a pathway unit of Michae-
lis—Menten mechanism in the metabolic chains. The path-
way unit in a chain is assigned to each metabolite and two
consecutive Michaelis—Menten-type reactions associated
with it. This formulation attained in use of the flux J, a
key parameter in the metabolic control analysis, makes it
possible that generation and analysis of the overall behavior
for metabolic pathways may proceed in a straightforward
manner of sequential connection of the procedure for the
pathway units comprising a pathway. In fact, combination of
the transit times of the consecutive pathway units leads to
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formulation of the transit time in a linear pathway of
Michaelis—Menten-type reactions [2]. An approximation
representation for the response to the flux change in
consecutive Michaelis—Menten-type reactions is formed
with successive combination of the expressions for the
component reactions [3].

The transit time is a system variable suitable for charac-
terization of steady-state behavior of the flux and the
metabolites in a metabolic pathway. It represents the time
required for the substrate entering the pathway to be trans-
formed into the end-product through the enzymatic reactions
and leave the pathway at a steady state [4]. While the transit
time is relevant to steady-state properties of pathways, the
transition time characterizes the dynamic properties of path-
ways in the vicinity of (and between) their stable steady
states [5]. It would be clarified in this study of formulation
of the both time constants that the transit time is distin-
guished from and related to the transition time.

In a metabolic chain of Michaelis—Menten-type reac-
tions, a pathway unit is defined to each metabolite and two
consecutive Michaelis—Menten-type reactions as follows:

ke kor kay

kst
S+E 22X 2E+M M+E 22X, 2E, +P
kir kot ke kag

where E; and E, are the free enzymes of the first and second
reactions, respectively, and X; and X, are the respective
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enzyme—substrate complexes. The substrate of the first
reaction, S, and the product of the second reaction, P, are
the external metabolites, and M, the product of the first
reaction and the substrate of the second reaction, is a single
internal metabolite in the pathway unit, including the
enzyme—substrate complex X,. At a steady state the flux
J is maintained in the pathway unit so that J is positive for
the forward flow from S to P, and negative for the reverse
flow from P to S. For the formulation in this study the flux J
may be assumed to be positive in reference to M and X,
since for negative J the same derivation with positive J is
applicable to M and X, in the pathway unit from P to S.

In this study the (steady-state) concentrations of every
chemical species in the pathway unit are formulated as
respective functions of the flux J, a key parameter for
steady-state behavior, and a quadratic equation of the flux
J is derived to represent its relationship with the concen-
trations of enzymes and external metabolites. The total
concentration of the internal metabolite (¢) and the control
coefficients for flux and concentration hence are expressed
explicitly in terms of these parameters. The transit time t©
defined by ¢/J is represented as rectangular hyperbolic
functions of the flux J and the metabolic control analysis
is performed. The transition time is characterized by a time
constant for a first-order system which is derived as da/dJ.
It follows that detailed analysis of correlation of the flux J
and the characteristic time constants to the external metab-
olites and the kinetic parameters in the constituent pathway
unit of Michaelis—Menten mechanism contributes to char-
acterization of the flux behavior of linear pathways of
Michaelis—Menten-type reactions.

2. Results
2.1. Steady-state relationships

For the first reaction in the pathway unit the following
relationships are derived at a steady state with the flux J:

J — kigsey + kixp =0

J + kormey — korxy =0

e +x; = ey, (1)
leading to the expressions with the flux J as

_J +kierr

_etkigs —J
ki + kigs

ki + kies

€l

e errkitkoes — J (kix + kor + kigs) 2)
ke (J + kirerr)

where the (steady-state) concentration is denoted by the
italic lower case letter corresponding to the capital letter for
a chemical species, and e;r designates the total concentra-

tion of the enzyme E,. Similarly, for the second reaction at
the steady state, the equations,

J — kypmey + k3o =0

J + kytpes — kgyexy =0

ey + X = e, (3)
yield the following expressions:

_ karerr —J
kear + kagp

_ J + kaeperr
kear + kagp

€2

m— J (kar + kar + kagp) + exvkackacp )
ks (karerr — J)

where et is the total concentration of the enzyme E.,.

The internal metabolite M is common to the first and
second reactions, so that the following equation from Egs.
(2) and (4),

ertkickos — J (ki + kor + kies)
koe(J + kirerr)

_ J(kae + kar + kagp) + exrkackarp

kst (karear — J) 7 G)
leads to a quadratic equation for the flux J:
a\J? — (bieir + bresr)J + crerresr =0 (6)
where
ay = kar (ki + kor + kigs) — kg (kar + kar + kagp)
by = kitkackses + kickas (ksr + kar + kagp)
by = katkackasp + kagkar (kie + kar + kis)
¢1 = kitkarksrkaes — karkorkackarp, (7)

indicating that J is determined by specifying the concen-
trations of the external metabolites S and P with given
values of e, eo7 and rate constants.

The expressions of the S and P concentrations as
functions of the flux J are derived from the rewritten form
of Eq. (6),

fU)s—glJ) —h(J)p=0 (8)
where
f ) = kitkss (kacerr — J) (karear — J)

g(J) = kseJ (kiy + koy) (karear — J)
+ kogJ (kay + kar ) (J + kicert)

h(J) = kaghas(J + kirerr) (J + ksrear) 9)
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It follows that for arbitrary values of p, s can always be
determined, but determination of p is possible only if s is
larger than a certain value.

The dependence of the flux J on the external metabolites
(S and P) is shown by differentiation of Eq. (6) with respect
to their concentrations (s and p):

o fJ)

a 72(11.] -+ blelT + bzezT ’

aJ h(J)
ap - 2a1J — b1€1T - bze‘z'r

(10)

The flux J increases with s, and decreases with p, in general,
since the denominator,

of
ai 1€1T 2€a71 aJS 07 BJp’ (11)

is negative for ordinary values in the metabolite and enzyme
concentrations and the rate constants.

2.2. Control coefficients for the pathway unit

The flux control coefficients and the concentration con-
trol coefficients for the pathway unit are derived explicitly
using the following derivatives:

aJ - bl.]— cerr
aelT a 2aJ — blelT — b2€2T ’

aJ - bz.] —celr
anT - 2aJ — blelT — bzezT

om  eyr(ka + kar) (kur + kagp)  0J
derr ks (karear — J)2 derr’

E)m _ elT(klr =+ k2r)(klr + k]fS) E)J
anT sz(.] + k]relT)z anT

(12)

It thus easily and directly is shown that the summation and
connectivity theorems for the control coefficients [6] hold:

Cl+Cl=1 C'+Cy=0 Cle) +CJet, =0
C;nslln—’—cgnslznz_l (13)
where the common notations for the metabolic control

analysis are used, and the elasticities with respect to m are
derived as:

| kaem(J + kicerr)? e

&, = — - Lm0
" Jeir (ki + ko) (kie + kies)  CY

82 _ k3fm(k4r€2T — J)2 _ C_{ .
" Jeyr(ke + kar) (kae + kagp)  CT

(14)

2.3. Characterization of the transit time

The total concentration ¢ of the internal metabolite M is
given by

g=m+x; (15)

The expressions in Eq. (4) yield

ols] = J(ksy + kay + kagp) + exrksckasp  J + exvkasp
kg (karerr — J) kar + karp

(16)

when J varies due to steady-state concentration change in
the external metabolite S, and o[s] designates dependence of
o on the change in s. A similar expression for o[ p] is
derived in Appendix A.

The transit time t for the pathway unit is defined as

(17)

‘L'Zj,

and represented as sum of rectangular-hyperbolic functions
of J:

1 katp err ke,
)= —— 1 2P +
kae +haep T Nkae +kasp  kapha

k3r + k4r k4r + k4fP
kaerr —J  ksrkyy

(18)

when J varies corresponding to change in s. A similar
expression for 7 p] is derived in Appendix A.

The main conclusion for the control coefficients of the
transit time is the summation theorem that the sum of them
lies between 0 and — 1 since the sum consists of the
difference between the sum of control coefficients of the
total concentration in internal metabolites and the sum of
those of the flux [7]. The relationships for the control
coefficients are verified by differentiation of © with respect
to e;t and e,r, so that

Ci+C3=Cl+C]—(C{+C9)

=2 gwitherrog =22 (19)
o ag

The expression of t[s] apparently indicates that the
transit time has a minimum with respect to J, which, with
the notation of J[s], varies between null and the maximum
velocity of the Michaelis—Menten-type reaction by change
in s. The relationship between t[s] and J[s] is shown in
Fig. 1 for some typical values in the parameters. The
derivation of the minimal point for t[s] is given in
Appendix B.
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Fig. 1. Relationship between the transit time 7t and the flux J with
variation in the concentration of external metabolite S. J[s] on the abscissa
indicates the variation of J by changing the steady-state concentration of
S. The following values in the kinetic parameters are used for the
analysis: k;=1000 mM~ ' s7' £,=90 s ! k=100 mM~ ' s
k=10 s7 ', k=800 mM ™' 57, k3, =72 s, kup=80 mM~ ' s7!,
k=8 s, e;p=err=5 mM; p=20 mM.

On the other hand, when the flux J varies by change in p,
the transit time t[ p] decreases with J because

atlp] _ kiskas (1 n ksrear
E)J[p] J2 klrk2f b3

1
kckar (J + kicerr)®

n katksg(bserr + ksbaerr)
by(bserr — baJ)’

— (kir + kor) (kir + k1fs){

(20)

It thus is found that the transit time for a pathway unit of
Michaelis—Menten mechanism has a minimum at a certain
value of the flux J with variation in the concentration of S.
The relationship between the flux J and the concentration of
S is again dependent on the concentration of the other
external metabolite P. Suitable selection of the S and P
concentrations would lead the pathway unit to run with an
optimal value of the transit time. Further minimization of
the transit time may be attained by examining how the total
enzyme concentrations and the rate constants affect the
relationship between the transit time 7 and the concentration
of S.

2.4. Characteristic time constant for the transition time
Responding to a concentration change in the external
metabolite S, the flux J is assumed to increase or decrease

stepwisely from J; to J, at 1 =0, i.e.,

J(t)=J1 +alU(2) (21)

where a (=AJ=J, —J)), J; and J, (=J; +a) are constants,
and U(?) is a step function defined as

(22)

The total concentration of the internal metabolite M in the
pathway unit at z=T is represented by o(7), whose incre-
ment during a time interval [0,7] is obtained by

o(T) — o(0) = /0 ‘;—‘t’dzz /0 s — y(0)ds, (23)

where y(f) expresses the production rate of the external
metabolite P, and the pathway unit is assumed to be at a
steady state until =0, i.e., J(0)=y(0) =J, (that is, equal flux
and production rates at a steady state) and o(0)=a[J;]
which denotes the steady-state value of ¢ corresponding to
a flux J;. The pathway unit responds to a stepwise change
from J; to J,, eventually reaching a new steady state with
a[J>] so that the increment {o(7) — ¢(0)} becomes equiva-
lent to {a[J>] — o[ J1]}.

The characteristic time constant for the transition time
results from approximation of y(¢) by z(f) such that

Z(t)=Ji+a(l —e™) (24)

where a positive constant ¢ is the relaxation constant of
first-order system, which quantitatively represents the
quickness of the response of the pathway unit in the valid
range of the approximation. This relaxation constant ¢ is
defined so as for z(f) to give the equal change in ¢
resulting from Eq. (23) as follows. Substitution of z(¢) into
¥(?) in Eq. (23) yields

a(T) — a(0) = /0 s —z(0)]de = 2 (1 — =T (25)

c

and by setting 7= ~, the time constant ¢ is obtained by

t, = l _ O-[J2] — O-[Jl] (26)

C a

It is neither general nor practical, however, that the
relaxation constant ¢ has to be evaluated for every value
of @, which is unknown in the actual progress of reactions
in the metabolic pathways. The constant ¢ independent of
a may be defined as

1 olh]—-0al/] 0o
Y @7)
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The characteristic time constant for the transition time in the
pathway unit thus is formulated as:

dals]  kar(kse + kar + katp) + kackaep
aJ[s] kst (kagerr — J1)?
1
"+ kap

tls] =

2T

(28)

for the flux change due to steady-state concentration change
in the external metabolite S. A similar expression for ¢[ p] is
derived in Appendix C.

The validity of the approximation of y(¢) by z(¢) with this
time constant is ensured as seen in Figs. 2 and 3, employing
the similar procedure described previously [3] and the
simulation with Mathematica. The approximation can rep-
resent the response of the pathway unit to the transition
within an allowable error. The relationship between D and a
is found to be affected by the flux level of the pathway unit
such that a higher flux level causes a larger D, that is,
reduction in the validity. The transition time may thus be
characterized with ¢, in Eq. (27), that is, the derivative of the

()

(b)

production rate (mM/sec)

0 1 2 3 4 5
time (sec)

Fig. 2. Approximation by z(¢) for time courses in production rate of external
metabolite P. The production rate is examined for the case J=4, where the
dashed lines (1, 3) corresponds to z(#) and the full lines (2, 4) to y(7),
respectively. (a) The value of a is set to —2 (curves 1, 2), and to —4
(curves 3, 4). (b) The value of a is set to 4 (curves 1, 2), and to 2 (curves 3,
4). The kinetic parameters used are the same as in Fig. 1 except for k,y, the
value of which is set to be 0 to avoid a reverse flow for the input to the
pathway unit.

-1.0 -0.5 0 0.5 1.0
allJl

Fig. 3. Effects of the flux level on the validity of the characterization of the
transition time. For a transition of the flux J[s] by @ from J; in the pathway
unit, D on the ordinate is a relative error defined by D = su |(y(¢) — z(¢))/
a|-(a/Jy) on the abscissa indicates the transition of the flux relative to J;. The
numbers on the curves correspond to J;/V .y as follows: (1) 0.1, (2) 0.2, and
(3) 0.4. The kinetic parameters used are the same as in Fig. 2.

total concentration of the internal metabolite in the pathway
unit with respect to the flux J.

3. Discussion

Sequential application of the procedure formulated in
this study for the pathway unit of Michaelis—Menten
mechanism (associated with one substrate, or a sole
internal metabolite, and its enzyme-—substrate complex)
works as a general procedure for representation of linear
pathways comprised of a sequence of the pathway units.
For a single pathway unit the steady-state concentrations
of every chemical species are expressed as respective
functions of the flux J, a key parameter for steady-state
behavior. A quadratic equation of the flux J is generated to
represent its relationship with the external metabolite and
total enzyme concentrations and the rate constants. This
formulation may thus lead to the complete metabolic
control analysis of the pathway unit. As described in this
study, the flux and concentration control coefficients and
the elasticities are derived explicitly in terms of the system
parameters. The transit time 7 is formulated as a sum of
rectangular-hyperbolic functions of the flux J and a
constant term. Through the flux J the relationship of the
transit time t with the steady-state concentration of the
respective external metabolites may be expressed in prac-
tical forms.

It follows that this process of representation for the
pathway unit leads us to generate and analyze the overall
behavior for any linear pathways in a straightforward
manner of sequential connection of the expressions of the
constituent pathway units. As described previously [2], the
characterization of the transit time t with respect to the flux
J for a linear pathway consisting of two pathway units can
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be performed with the connection of the expressions for the
first and the second pathway units in the pathway. The
cubic equation relating the flux J to the other system
parameters may be obtained by substitution of the
corresponding expression of p as the internal metabolite
in the second pathway unit into the term p in a quadratic
equation of the flux J for the first pathway unit. The
expression for the transit time is derived from sum of the
respective transit times of the two pathway units. Further-
more, every control coefficient for the pathway unit are
now expressed as the explicit functions of the system
parameters and their behavior may be analyzed precisely
against variation in the individual system parameters,
yielding more detailed characterization for the metabolic
control analysis.

The transition time is characterized by analysis of the
dynamic response of the pathway unit to flux change
between its stable steady states. A characteristic time
constant for a first-order system is derived as d0/0J for
the first approximation of the transition time, and the
validity of this characterization is ensured. This formulation
connotes not only that the transition time may be clearly
distinguished from the transit time (¢/J) which is relevant to
steady-state properties of the pathway unit, but also that the
two characteristic time constants are closely related with
respect to the formulation. It should be noted that the
characteristic time constant for the transition time corre-
sponds to an experimentally measurable parameter. As
shown for a Michaelis—Menten-type reaction in closed
system [8], the validity of the first-order approximation is
now demonstrated for the pathway unit (Michaelis—
Menten-type reaction in open system).

Detailed analysis of correlation of the flux J and the
transit and transition times to the external metabolite con-
centrations and the kinetic parameters in the constituent
pathway unit of Michaelis—Menten mechanism contributes
to characterization of the flux behavior of linear pathways of
Michaelis—Menten-type reactions. The similar formulation
is applicable for constituent allosteric enzymes, so that the
metabolic control analysis in this direction for a linear
pathway with allosteric feedback regulation will be de-
scribed elsewhere. The detailed formulation for representa-
tion of the pathway unit as provided in this study is required
for proper application of the characterization procedure to
various metabolic systems.

J:ezT

Appendix A. Derivation of t[p]

By use of Egs. (2) and (8),

op] = ertkitkors — J (ki + ke + kigs)
ke (J + kicerr)
exrksp{errkirkars —J (ki + ko +kies) } — ke J (J + kicerr)
kse{errkickors — J (kix + ko +kips) } — kogkse (J + kirerr)
(A1)

is obtained when J varies corresponding to steady-state
concentration change in the external metabolite P, leading to

o] = — kllfzf n klf‘ljfzrs (klrlsz n k3Z2T)
— (ki + kar) (kie + klfs){w
e o) 2
where
by = kitkarkses + kickoghkse
by = kg (kir + ko + kigs) — kagka, (A3)

Appendix B. Derivation of the minimal point for [s]

It is derived from

dt[s] _ _k4_fp( er ks >
dJs] J? Nkar + kaep  katkar
k3r + k4r k4r + k4fp

=0 A4
k}fk4r (k4re2T - J)2 ( )

that the transit time t[s] has a minimum at

—kaep{ksrkaserr + ke (kar + kagp)} + (kar + kaep)\/kaep (kse + kae) {Kstkarerr + kae (kae + karp) }

(k3r + kar + kagp) (kar + kagp) — earkaskasp

kagp(kar + kaep — kagerr) + /kagp (kar + kar) {kstkareor + kae (kar + kagp) }

Xy = et

(ks + kar + kagp) (kar + kagp) — exrksckasp

. (A5)
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Appendix C. Derivation of #,[p]

For the flux change due to steady-state concentration
change in the external metabolite P, the characteristic time
constant for the transition time in the pathway unit is
formulated as:

dalp]

tlp] = 7] = eyr(kir + kar) (k1r + kugs)
karkse (ksreor —J1) 1
k() for(J1 + kicerr)’
_ k() + keerr)
k(J1)

(A6)

where

k(J) = kse{errhkarkies — J (ki + kor + kigs) }
— katks:(J + kirerr). (A7)
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